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STABILITY AND FUTAKI INVARIANTS OF FANO
HYPERSURFACES
THOMAS RUDOLF BAUER
Abstrat. Let X be a Fano manifold. G. Tian proves that if X admits
a Kähler-Einstein metri, then it satises two dierent stability ondi-
tions: one involving the Futaki invariant of a speial degeneration of X,
the other Hilbert-Mumford-stability of X w. r .t. a ertain polarization.
He onjetures that eah of these onditions is also suient for the
existene of suh a metri. If this is true, then in partiular the two
stability onditions would be equivalent. We show that for Fano hyper-
surfaes in projetive spae, where due to the work of Lu and Yotov an
expliit formula for the Futaki invariant is known, these two onditions
are indeed very losely related.
1. Introdution
For omplex manifolds with ample or trivial anonial bundle the existene
of a Kähler-Einstein metri is well known. For Fano manifolds, the situation
is muh more ompliated. Of ourse, the Fubini-Study metri on Pn is
Kähler-Einstein. But already P2 blown up in 1 or 2 points does not admit
suh a metri. In general, it is supposed that the existene of a Kähler-
Einstein metri is related to the geometry of the Fano manifold, and to be
more spei, to ertain notions of stability of the manifold.
In [Ti97℄, Tian proves that a Fano manifold admitting a Kähler- Einstein
metri satises two dierent stability onditions, one involving the Futaki in-
variant of a speial degeneration of the manifold, the other Hilbert-Mumford
stability of the manifold with respet to a ertain polarization. Tian onje-
tures that eah of these onditions is also suient for the existene of suh a
metri. If this is true, then in partiular the two stability onditions would be
equivalent. We show that for Fano hypersurfaes in projetive spae, where
due to the work of Lu [Lu99℄ and Yotov [Yo99℄ an expliit formula for the
Futaki invariant is known, these two onditions are indeed losely related,
as it turns out that the Futaki invariant F equals Mumford's µ-funtion up
to a onstant.
Furthermore, we introdue the notion of a speial degeneration of a hy-
persurfae as a hypersurfae, whih is very similar to Tian's denition. Our
main theorem is the following
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Theorem 1.1. Let Xf be a hypersurfae of degree d, 1 < d < n+ 1 in P
n
.
Then the following onditions are equivalent
• Xf is weakly Hilbert-Mumford stable
• for every speial degeneration pi : Y → ∆ of Xf as a hypersurfae,
where the degeneration is indued by a vetor eld v on Pn, one has
FY0(v|Y0) ≥ 0 and = 0 i the degeneration is trivial.
I would like to thank Thomas Peternell for his suggestion to have a loser
look at Tian's paper [Ti97℄, and Thomas Ekl for some helpful omments on
vetor elds and automorphisms.
2. The Futaki invariant and speial degenerations
We always denote by X a Fano manifold and ask whether there exists a
Kähler-Einstein metri on X, i. e. a Kähler metri suh that the assoiated
Kähler form ω satises Ric(ω) = ω. We further denote by η(X) the Lie
algebra of holomorphi vetor elds on X.
In [Fu83℄, Futaki introdued the harater
FX : η(X)→ C v 7→
∫
X
v(g)ωn
where n is the omplex dimension of X and g : X → R is a funtion with
Ric(ω) − ω = i/2pi ∂∂¯g. He proved that this is independent of the hoie of
the Kähler form ω with [ω] = [c1(X)]. In partiular, if X admits a Kähler-
Einstein metri then FX vanishes and therefore the Futaki invariant gives a
rst obstrution to the existene of Kähler-Einstein metris.
Unfortunately, there exist Fano manifolds without any global holomorphi
vetor elds (i. e. FX ≡ 0 trivially) whih do not admit any Kähler-Einstein
metri [Ti97℄. Therefore, if we want an equivalent ondition, we have to
rene this.
Denition 2.1. [Ti97℄ a) A bration pi : Y → ∆ over the unit dis ∆ is a
speial degeneration of X if
• pi is smooth over ∆− 0
• X is isomorphi to a ber Yz for some z ∈ ∆− 0
• the speial ber Y0 is a normal variety (in partiular irreduible and
redued)
• the relative antianonial bundle −KY/∆ is ample and therefore indues
an embedding Y ⊂ PN ×∆ suh that pi is indued by the projetion on
∆ and
• there exists a vetor eld w on Y with pi∗w = −z
∂
∂z on ∆.
b) A speial degeneration is said to be trivial if Y = X×∆, pi is the projetion
on ∆ and w is indued by a vetor eld on X.
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Remark 2.2. 1) The last ondition of a) implies that w indues a vetor
eld on Y0. 2) In a speial degeneration, the speial ber Y0 is always Q-
Fano. Ding and Tian [DT92℄ show that the above denition of the Futaki
invariant still makes sense in this ase.
Theorem 2.3. [Ti97℄ If X is Kähler-Einstein then for every speial degen-
eration of X one has ReFY0(ω|Y0) ≥ 0 and = 0 i the degeneration is
trivial.
Conjeture 2.4. [Ti97℄ This is also suient for the existene of a Kähler
Einstein metri on X.
Of ourse, the main diulty here is the alulation of the Futaki invariant.
If Y0 is smooth or has only orbifold singularities, one an use a xed point
formula for FY0 whih was proved by Futaki [Fu88℄ resp. Ding and Tian
[DT92℄.
If Y0 is a hypersurfae in projetive spae or more general a omplete
intersetion, Lu [Lu99℄ and Yotov [Yo99℄ independently obtained an expliit
formula for the Futaki invariant. To keep things easy, we will stik to the
hypersurfae ase, although everything what follows is very similar in the
omplete intersetion ase.
Let X = Xf = {f = 0} ⊂ P
n
be a hypersurfae of degree d, 1 < d <
n + 1, and denote by [z0 : . . . : zn] the oordinates on P
n
. Furthermore, let
v =
∑
aijzj
∂
∂zi
be a vetor eld on Pn, whih is normalized by the ondition∑
aii = 0, and let {σt}−∞<t<∞ be the real 1-parameter subgroup of Aut(X)
generated by v. If Xf is invariant under {σt}, then v(f) = κ · f with κ ∈ C
and v indues a vetor eld on Xf . By a theorem of Bott, every vetor eld
on Xf arises in this way.
Denition 2.5. [Lu99℄[Yo99℄ In the situation above,
F˜X(v) = −(n+ 1− d)(d − 1)
(n + 1)
n
κ
is the generalized Futaki invariant of v on X.
We remark that (n+ 1− d)(d − 1)
(n + 1)
n is positive, as 1 < d < n+ 1.
Theorem 2.6. [Lu99℄[Yo99℄ If Xf is Q-Fano, then FX = F˜X .
3. The method of Ding and Tian
To make things even more expliit, we now reall an example of Ding
and Tian, illustrating their method of evaluating the Futaki invariant on
a degeneration of a Fano manifold X to show that X does not admit any
Kähler-Einstein metri. Again we restrit ourselves to the ase of Fano
hypersurfaes in Pn.
Let X = Xf be a hypersurfae of degree 1 < d < n + 1 in P
n
. If X is
smooth and d 6= 2 then η(X) = 0 by a theorem of Kodaira and therefore
4 THOMAS R. BAUER
FX ≡ 0 trivially. Let v be a vetor eld on P
n
and let {σt}−∞<t<∞ be the
indued real 1-parameter subgroup of Aut(Pn). Furthermore, letXt = σt(X)
and let X∞ = limt→∞Xt be the limit of the Xt, if suh a limit exists. We
also assume that X∞ is a normal variety. By onstrution, v|X∞ is a vetor
eld on X∞. The main theorem of [DT92℄ now asserts that if X is Kähler-
Einstein, then one has ReFX∞(v|X∞) ≥ 0, where on X∞ one uses again the
generalized Futaki invariant. This result holds in the orbifold ase as well
(by using loal uniformization).
Example 3.1. Let f = z0z
2
1 + z2z3(z2 − z3) + z1f2(z1, z2, z3) where f2 is a
homogeneous polynomial of degree 2 in z1, z2, z3, and X = Xf = {f = 0}
the orresponding ubi surfae in P3 whih has a D4-singularity. Let v =
−7z0
∂
∂z0
+5z1
∂
∂z1
+z2
∂
∂z2
+z3
∂
∂z3
whih already has trae 0. One easily reads
o that σt.z0 = e
−7tz0, σt.z1 = e
5tz1, σt.z2 = e
tz2 and σt.z3 = e
tz3 so that
σt.z0z
2
1 = e
−3tz0z
2
1 and σt.z2z3(z2 − z3) = e
−3tz2z3(z2 − z3) whereas for any
other monomial m in f we get σt.m = e
−atm with a > 3. Therefore the limit
is X∞ = {z0z
2
1 + z2z3(z2− z3) = 0} whih is still a Fano orbifold. Moreover,
v(f∞) = 3f∞, where X∞ is given by f∞, and with the formula of Lu and
Yotov we alulate that FX∞(v|X∞) = −1 · 2 ·
4
3 · 3 = −8 < 0. Therefore Xf
does not admit a Kähler-Einstein (orbifold) metri.
We remark that Xf is Hilbert-Mumford unstable, whih of ourse is al-
ready in [GIT℄, but atually the alulation is the same what we did above.
We will ome bak to this later.
With some more work, Ding and Tian atually prove that if a normal ubi
in P3 admits a Kähler-Einstein orbifold metri then it is Hilbert-Mumford
semistable.
4. Tian's 2nd stability ondition
Now we reall Tian's seond stability ondition whih is neessary for a
Fano manifold to allow a Kähler-Einstein metri. If we state the result for the
hypersurfae ase only, it is almost trivial, as any nonsingular hypersurfae
of degree > 2 in Pn is Hilbert-Mumford stable [GIT℄. Nevertheless we belive
that it is more pedagogi to ignore this fat and state only a trivial ase of
a highly nontrivial theorem.
Theorem 4.1. [Ti97℄ Let Xf be a smooth hypersurfae of degree d in P
n
,
1 < d < n+1. If Xf is Kähler-Einstein, then Xf is weakly Hilbert-Mumford
stable, i. e. the orbit of f ∈ CN , N =
(
n+d
d
)
under the natural SL(n + 1)-
ation is losed. If in addition η(Xf ) = 0 then Xf is Hilbert-Mumford stable.
Conjeture 4.2. [Ti97℄ This is also suient for the existene of a Kähler-
Einstein metri.
In the general ase, Tian proves that X is weakly stable w. r. t. the
polarization given by a ertain bundle, f. [Ti97℄.
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5. Stability of hypersurfaes
One more, we x the notation for the following statements. Let v be
a vetor eld on Pn. Via the natural projetion v is indued by a vetor
eld
∑n
i,j=0 aijzj
∂
∂zi
on Cn+1. We will not distinguish between these two
vetor elds below. Let A be the matrix (aij) where we assume that v is
normalized by the ondition tr(A) = 0. After a linear hange of variables,
we may assume that A is in Jordan form with bloks

λi 1
.
.
.
.
.
.
λi 1
λi


We all v a real vetor eld if A has only real eigenvalues, i. e. λi ∈ R for
every Jordan blok of A. Of ourse a real vetor eld is still holomorphi.
We note that for real vetor elds a limit X∞ in the sense of Ding and Tian
always exists.
If the rst Jordan blok of A operates on the oordinates z0, . . . , zr then
the indued 1-parameter subgroup {σt} of Aut(C
n+1) ats on (z0, . . . , zr)
t
by multipliation with the matrix

eλ1t teλ1t t
2
2 e
λ1t · · · t
r
r! e
λ1t
eλ1t teλ1t
.
.
.
.
.
.
.
.
.
.
.
.
eλ1t teλ1t
eλ1t


(if we regard the zi as hyperplanes, then {σt} ats by multipliation with
the inverse matrix as usual). In partiular, if A is a diagonal matrix with
entries (λ0, . . . , λn) we get a diagonal ation σt.zi = e
λitzi. If all the λi
are integers, this indues a C∗- ation on Cn+1 resp. Pn. By the expliit
desription above, we also note that tr(A) = 0 orresponds to det(σt) = 1,
i. e. σt ∈ SL(n+ 1).
Finally, Xf = {f = 0} is the hypersurfae in P
n
given by the homogeneous
polynomial f =
∑
|γ|=d fγz
γ
of degree d, 1 < d < n+1, with γ = (γ0, . . . , γn)
a multiindex. We also denote by f the vetor (fγ) in C
N
.
We reall now some of the denitions and theorems of Mumford's [GIT℄.
As many assertions are quite simple in the hypersurfae ase, we ould not
resist to give some of the proofs here. In some way this shows how everything
ts together very niely.
From Mumford we already know the µ-funtion, whih makes sense for
any real diagonal vetor eld v as above with entries λ .
Denition 5.1. µv(f) = min{λ · γ | fγ 6= 0}
If we all λ · γ the weight of zγ then µv(f) is the least weight in f .
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Denition and Theorem 5.2. [GIT℄ a) We all f Hilbert-Mumford-stable
if the orbit of f ∈ CN under the natural SL(n + 1)-ation is losed and the
stabilizer of f is nite. Equivalent onditions are
• for all algebrai 1-parameter subgroups of SL(n+1) f has both positive
and negative weights
• for all C∗-vetor elds v 6= 0 on Cn+1 with trae 0 one has µv(f) < 0.
b) We say that f is weakly Hilbert-Mumford stable if the orbit of f is losed.
Equivalently, for all C∗-vetor elds v 6= 0 with trae 0 either µv(f) < 0 or
the C∗-orbit of f is a point, i. e. µv(f) ≤ 0 and = 0 i f is a xed point
of the ation indued by v.
Lemma 5.3. Let v =
∑
λizi
∂
∂zi
be a diagonal vetor eld and assume that
v(f) = κf for some κ ∈ C. Then µv(f) = κ.
Proof. As v(zγ) =
∑n
i=0 λiziγiz
γ−ei = (λ · γ)zγ , ei the i-th unit vetor, we
have κf = v(f) =
∑
γ(λ · γ)fγz
γ
and thus λ · γ = κ for all γ where fγ 6= 0,
in partiular µv(f) = κ.
Lemma 5.4. Assume that v is a diagonal real vetor eld and let µ = µv(f).
Then X∞ = {f∞ = 0} is dened by f∞ =
∑
λ·γ=µ fγz
γ
and therefore
v(f∞) = µf∞ with µ = µv(f) = µv(f∞).
Proof. For any γ with fγ 6= 0 one has λ · γ − µ ≥ 0 by the denition of µ.
In the limit, all monomials zγ where λ · γ − µ > 0 vanish, i. e. we only keep
those monomials where the minimum µ is obtained.
Corollary 5.5. Let Xf be a hypersurfae of degree 1 < d < n+1. Then Xf
is Hilbert-Mumford stable i for every C∗-vetor eld v 6= 0 with trae 0 one
has FX∞(v) > 0.
We emphasize that we make no onditions on X∞ here.
Proof. We just note that by the formula of Lu and Yotov,
FX∞(v) = −(n+ 1− d)(d − 1)
n+ 1
n
κ
where (n+ 1− d)(d − 1)n+ 1n > 0 and κ = µv(f).
Lemma 5.6. Xf is Hilbert-Mumford stable i for every diagonal real vetor
eld v 6= 0 with trae 0 one has µv(f) < 0.
Proof. We only have to proof the only if diretion. Assume that there
exists a real vetor eld 0 6= v =
∑
λizi
∂
∂zi
with
∑
λi = 0 and µv(f) =
min{λ · γ | fγ 6= 0} ≥ 0, i. e. the following system of linear inequalities has a
real solution under the onstraint
∑
λi = 0:
∀γ with fγ 6= 0 : λ · γ ≥ 0
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As all oeients γi are nonnegative integers, this system then also has a
rational solution. By learing denominators, we obtain a C∗-vetor eld with
µ ≥ 0. This is a ontradition to our assumption that f is stable.
This also shows how to alulate destabilizing vetor elds.
If v is a real Jordan vetor eld, we an deompose it into the diagonal
part vdiag and the nilpotent part v
+
: v = vdiag + v
+
. The diagonal part
indues a (C∗)k- ation for some k, whereas the nilpotent part indues a
C+-ation. If Xf is invariant under v then also under vdiag and v
+
.
Lemma 5.7. If v is nilpotent and Xf invariant under v then v(f) = 0 (i. e.
κ = 0).
Proof. As Xf is invariant under v, v(f) = κf for some κ. As v is nilpotent,
we know that v = z1
∂
∂z0
+ · · · + zr
∂
∂zr−1
+ · · · for some r, where we have
written out the terms orresponding to the rst Jordan blok. If zγ is the
least monomial ouring in f for the lexiographial order, we note that v(f)
does not ontain zγ and therefore κ = 0.
Remark 5.8. This is only a very speial ase of a theorem of Mabuhi
[Ma90℄: The Futaki invariant vanishes on nilpotent vetor elds.
So we see that if we degenerate Xf with a C
+
-vetor eld v we only get
FX∞(v|X∞) = 0. But if Xf is Kähler-Einstein we wanted to prove some
kind of stability and therefore expeted to get > 0. As a result, we re-
strit ourselves to diagonal vetor elds (more exatly to vetor elds v with
nonvanishing diagonal part vdiag, but as F (v
+) = 0 the diagonal part is
essential).
We sum this up in the following
Corollary 5.9. Let Xf be a hypersurfae in P
n
of degree 1 < d < n + 1.
The following onditions are equivalent:
• Xf is Hilbert-Mumford stable
• for all real Jordan vetor elds v with trae 0 one has FX∞(v|X∞) ≥ 0
and = 0 only if vdiag = 0.
6. Speial degenerations of hypersurfaes
Again Xf = {f = 0} is a hypersurfae in P
n
of degree d, 1 < d < n+ 1.
Denition 6.1. a) A speial degeneration of Xf as a hypersurfae is a
bration pi : Y → C suh that
• Y is a hypersurfae in Pn×C and pi is the restrition of the projetion
to the seond fator
• for all s ∈ C the ber Ys is a hypersurfae of degree d in P
n×{s} ∼= Pn
and Y1 = Xf
• there exists a vetor eld v on Pn suh that Y is invariant under v−s ∂∂s .
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b) A speial degeneration of Xf as a hypersurfae is said to be trivial if Ys is
invariant under v for one (any) s 6= 0 and therefore Y = Xf ×C ⊂ P
n ×C.
Remark 6.2. If we ompare our denition with Tian's there are two major
dierenes: First, we assume that the total spae of the degeneration is a
hypersurfae in Pn ×C. Seondly, we do not assume that the speial ber is
a normal variety. In our setting the speial ber is an arbitrary hypersurfae
in Pn×{0}. We don't know whether it is always possible to onstrut destabi-
lizing degenerations in suh a way that the speial ber is normal, irreduible
and redued.
Theorem 6.3. A speial degeneration of Xf as a hypersurfae is uniquely
determined by v.
Proof. We put w = v − s ∂∂s . We assume that Y is given by the polynomial
H(s) where H(s0) is a homogeneous polynomial of degree d in z0, . . . , zn for
eah s0 ∈ C, in partiular H(1) = f . As Y is invariant under w we have
w(H(s)) = κH(s) for some onstant κ.
If we put u = z0
∂
∂z0
+ . . . + zn
∂
∂zn
then u(H(s)) = dH(s) by Euler's
formula, so if we modify w by a suitable multiple of u we an assume that
κ = 0. We note that hereby we have lost our former normalization that v
has trae 0.
Integration of v gives the real 1-parameter subgroup {σt} of Aut(C
n+1).
We put F (t) = σt.f . Then for any t ∈ R learly F (t) denes a hypersurfae
in Pn × {t}. By onstrution (as (z ∂∂z +
∂
∂t)(e
−tz) = 0 and so on) we know
that (v + ∂∂t)(F (t)) = 0, i. e. {F (t) = 0} ⊂ P
n ×R is invariant under v+ ∂∂t .
Now we make the substitution s : R → R+, s = e−t whih gives ∂∂t =
−e−t ∂∂s = −s
∂
∂s . Then G(s) := F (− ln(s)) is invariant under v − s
∂
∂s = w,
more preisely w(G(s)) = 0 and furthermore G(1) = F (0) = f = H(1).
From the uniqueness theorem for the solution of a dierential equation we
onlude now that Y = {G(s) = 0} over R+ and as everything is analyti,
therefore over C.
From the fat that G(s) extends to a holomorphi funtion on C we derive
the following orollaries.
Corollary 6.4. In a speial degeneration as a hypersurfae the nilpotent part
v+ ats trivially on f .
Proof. First we onsider only the nilpotent part v+. Let {ψt} be the real
1-parameter subgroup generated by v+. Then we get
F+(t) := ψt.f = f + tf1 + t
2f2 + . . . + t
mfm
for some m where the fi are polynomials in z0, . . . , zn. Consequently
G+(s) = f − (ln s)f1 + (ln s)
2f2 −+ . . .
whih is only holomorphi on C if f1 = . . . = fm = 0, i. e. ψt.f = f . In the
general ase we get additionally some terms of the form eat whih give some
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powers of s whih don't make the whole thing holomorphi unless all of the
logarithmi expressions vanish.
As the nilpotent part ats trivial, we may assume now that v is a diagonal
vetor eld.
Corollary 6.5. In a speial degeneration as a hypersurfae v ats C∗-like
on f ∈ PN−1.
Proof. As
σt.z
γ = e−(λ·γ)tzγ = sλ·γzγ
we alulate that
G(s) =
∑
fγs
λ·γzγ
whih is only holomorphi on C if λ ·γ is a nonnegative integer for all γ with
fγ 6= 0.
We reall that we annot assume that v has trae 0 here, but we normalized
v suh that w(H) = 0.
Corollary 6.6. There exists a vetor eld v′ =
∑
λ′izi
∂
∂zi
with λi ∈ Q whih
ats on f as v does.
Proof. Complete {1} to a basis of C as a vetor spae over Q and write
λi = λ
′
i · 1 + . . . with oeients λ
′
i ∈ Q. We know that all monomials z
γ
in f have integer weight λ · γ for the ation of v. Expressing the weights
in terms of our basis {1, . . . } we onlude that only v′ =
∑
λ′izi
∂
∂zi
ats
nontrivially on f .
Of ourse we annot assume that v′ has integer oeients, as we see by
the stupid example of the ation indued by
1
2z
∂
∂z on the monomial z
2
. If we
want to do so in our speial degeneration as a hypersurfae, we must allow
a resaling on the C-fator, i. e. we have to multiply −s ∂∂s by a suitable
integer.
Without loss of generality we may therefore assume that v =
∑
λizi
∂
∂zi
with λi ∈ Q.
Theorem 6.7. Let Xf be a hypersurfae of degree d, 1 < d < n+ 1 in P
n
.
Then the following onditions are equivalent
• Xf is weakly Hilbert-Mumford stable
• for all speial degenerations of Xf as a hypersurfae one has FY0(v|Y0) ≥
0 and = 0 i the degeneration is trivial.
Proof. Let us rst assume that f =
∑
fγz
γ
is weakly Hilbert-Mumford stable
and that pi : Y → C is a speial degeneration of Xf as a hypersurfae
determined by v. As we noted above we may assume that v is a diagonal
vetor eld with rational oeients. Let v′ be the normalization of v, i. e.
we add to v a suitable multiple of u =
∑
zi
∂
∂zi
to get trae 0. Furthermore
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let v′′ = Mv′ where M is a suitable positive integer suh that v′′ is a C∗-
vetor eld. We note that the Futaki invariants of v and v′′ have the same
sign.
As f is weakly Hilbert-Mumford stable we have µv(f) ≤ 0. Beause the
speial ber of a speial degeneration leary orresponds to the limit variety
X∞ in the sense of Ding and Tian (using our hange of variables s = e
−t
),
we onlude using the results of the previous paragraph that FY0(v
′′
|Y0) ≥ 0
and if we already have > 0 we are done.
So we may further assume that FY0(v
′′
|Y0) = 0 and therefore µv′′(f) = 0.
As f is weakly Hilbert-Mumford stable this is possible only if f ∈ CN is a
xed point of the SL(n+1)-ation, i. e. if {σ′′t } is the 1-parameter subgroup
generated by v′′ then σ′′t .f = f . Let σt be the 1-parameter subgroup gen-
erated by v. As v and v′ dier only by a multiple of u we onlude that
σt.f = e
−atf for some onstant a. This means that Y is dened by the
equation saf = 0. As the speial ber is a hypersurfae in Pn × {0} as well,
we onlude that a must be 0 and the degeneration is trivial (onsequently,
already v had trae 0 in this ase).
If the degeneration is trivial, we have σt.f = f and therefore σ
′′
t .f = e
−atf .
As f is weakly Hilbert-Mumford stable we know that a = µv′′(f) ≤ 0. But
as σ′′−t.f = e
a(−t)
for the ation of the 1-parameter subgroup indued by −v′′
also −a = µ−v′′(f) ≤ 0 and therefore a = 0.
To prove the onverse, we assume that f fullls the seond ondition. Let
v be a C∗-vetor eld with trae 0 and µ = µv(f). Let v
′ = dv − µu and
{σt}, {σ
′
t} the 1-parameter subgroups indued by v resp. v
′
. If we sort the
terms in σt.f aording to their weight we get
σt.f = e
−µtf0 + e
−(µ+1)tf1 + e
−(µ+2)tf2 + . . .
for some homogeneous polynomials fi of degree d, and as u(f) = df
σ′t.f = f0 + e
−dtf1 + e
−2dtf2 + . . .
and v′ indues a speial degeneration of Xf as a hypersurfae. By our as-
sumption FY0(v
′
|Y0) ≥ 0 and therefore µv(f) ≤ 0.
If µv(f) = 0 even v indues a speial degeneration whih must be trivial.
This means that σt.f = f and we are done. If f is xed under the operation
of C∗ indued by v, again v indues the trivial speial degeneration and
therefore µv(f) = 0
Example 6.8. Let f = z0z
2
1 + z2z3(z2 − z3) + z1f2(z1, z2, z3). Then v =
−7z0
∂
∂z0
+5z1
∂
∂z1
+z2
∂
∂z2
+z3
∂
∂z3
is a destabilizing vetor eld with µv(f) = 3.
If we dene v′ = −24z0
∂
∂z0
+ 12z1
∂
∂z1
then v′ indues a speial degeneration
of Xf .
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